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NUMERICAL SOLUTIONS OF THREE-D IPIENSIONAL NAV I ER STOKES EQUATIONS 
FOR CLOSED-BLUFF BODIES 

Jarnshid S. Abol hassani 

Surendra N. T iwar i2  

ABSTRACT 

Methods o f  g r i d  adap t ion  a re  rev iewed and a method i s  developed w i t h  t h e  

c a p a b i l i t y  o f  a d a p t i o n  t o  seve ra l  f l o w  v a r i a b l e s .  T h i s  inethod i s  based on a 

v a r i a t i o n a l  approach and i s  an a l g e b r a i c  method which does n o t  r e q u i r e  the  

s o l u t i o n  o f  p a r t i a l  d i f f e r e n t i a l  equat ions.  A l s o  the  method has been 

fo rmu la ted  i n  a such way t h a t  t he re  i s  no need f o r  any m a t r i x  i n v e r s i o n .  The 

method i s  used i n  c o n j u n c t i o n  w i t h  the c a l c u l a t i o n  o f  hypersonic  f low over  a 

b l u n t  nose. The equa t ions  o f  mot ion a r e  the compress ib le  Navier -Stokes 

equa t ions  where a l l  v i scous  terms a re  r e t a i n e d .  They a re  so l ved  by the 

MacCormack t i m e - s p l i t t i n g  method and a movie has been produced which shows 

s imu l taneous ly  the t r a n s i e n t  behav io r  of the s o l u t i o n  and the  g r i d  adapt ion.  

The r e s u l t s  a r e  compared w i t h  the exper imen ta l  and o t h e r  numer i ca l  r e s u l t s .  

~~ ~~~ ~ ~ _ _ _  ~ ~~~ 
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INTRODUCTION 

I n  hypersonic f lows about  b l u f f  bodies, the temperature, pressure and 

d e n s i t y  increase a lmost  e x p l o s i v e l y  across the shock wave and the curved shock 

wave i s  c l o s e r  t o  the body. Numerical s imu la t i ons  o f  t h i s  phenomena i s  a 

g r e a t  chal lenge t o  the computat ional  f l u i d  dynamics researchers.  Present ly ,  

t he re  i s  a g r e a t  deal o f  i n t e r e s t  i n  improv ing the q u a l i t y  o f  numerical  

s i m u l a t i o n  techniques and adapt ive g r i d d i n g  i s  one way t o  achieve t h i s  goal. 

I 
I 

G r i d  genera t i on  i s  the very f i r s t  s tep i n  the numerical  s o l u t i o n s  o f  

p a r t i a l  d i f f e r e n t i a l  equat ions f o r  complex geometries. B a s i c a l l y ,  g r i d  

genera t i on  i s  the numerical  generat ion o f  boundary- f i  t t e d  c u r v i l i n e a r  

coord inates.  The second step i s  the c o n s t r u c t i o n  o f  d i f f e r e n c e  equat ions f o r  

p a r t i a l  d i f f e r e n t i a l  equat ions.  I t  i s  apparent t h a t  the accuracy o f  the 

f i n i t e  d i f f e r e n c e  s o l u t i o n  depends on the f ineness o f  the mesh. Therefore,  

the f i n e r  the g r i d ,  the more accurate the numerical  s o l u t i o n  w i l l  be. Also, 

the accuracy o f  the s o l u t i o n  depends on the r e s o l u t i o n  o f  the s o l u t i o n  

g rad ien t .  Presence o f  l a r g e  g rad ien ts  causes the e r r o r  t o  be l a r g e  i n  the 

d i f f e r e n c e  approx imat ion of the d e r i v a t i v e s .  I n  the presence o f  shockwave, 

more a r t i f i c i a l  d i f f u s i o n  must be added t o  r e t a i n  adequate smoothness o f  the 

s o l u t i o n .  Therefore,  t he re  i s  a need f o r  schemes t h a t  can r e s o l v e  these l a r g e  

g r a d i e n t s  w i t h o u t  adding any a d d i t i o n a l  g r i d  po in ts .  An adap t i ve  scheme moves 

the g r i d  p o i n t s  t o  reg ions  of h i g h  g r a d i e n t s  when l o c a t i o n s  o f  these g r a d i e n t s  

are n o t  known as a p r i o r i .  Also, an adap t i ve  method reduces the t o t a l  number 

of  g r i d  p o i n t s  r e q u i r e d  t o  achieve a g iven accuracy, b u t  i t  takes more 

computer time. I n  some ins tances,  the computer t ime requi rement  makes t h i s  

method undesi rab le.  The ideas used i n  the c o n s t r u c t i o n  o f  adap t i ve  g r i d  

techniques a re  l i m i t e d  by one 's  imaginat ions;  any scheme t h a t  works i n  the 

sense o f  p r o v i d i n g  a b e t t e r  s o l u t i o n  i s  a good one. The u l t i m a t e  answer t o  
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numerical s o l u t i o n s  of p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  may well  be dynamical ly  

a d a p t i v e  g r i d s  r a t h e r  than more e l a b o r a t e  d i f f e r e n c e  r e p r e s e n t a t i o n s  and 

s o l u t i o n  methods 111. 

Adaptive m t h o d s  have been used i n  the s o l u t i o n s  of  o r d i n a r y  d i f f e r e n t i a l  

equa t ions .  Var i ab le - s t ep  ini  t i a l - v a l u e  problems a r e  solved by a d j u s t i n g  the 

step size as the i n t e g r a t i o n  advances i n  o r d e r  t o  c o n t r o l  the l o c a l  t r u n c a t i o n  

e r r o r  [Z] .  Adaptive methods have been implemented a l s o  f o r  s o l v i n g  the 

I 

e q u a t i o n s  of  motion i n  con junc t ion  w i t h  the method of  l i n e s  C31. I n  this 

case ,  the time step was a d j u s t e d  a u t o m a t i c a l l y  t o  c o n t r o l  the l o c a l  e r r o r .  

S i m i l a r l y ,  a d a p t i v e  methods have been t o  so lve  boundary va lue  problems [4- 

91. An optimal g r i d  f o r  a two-point boundary-value problem can be determined 

e i ther  imp1 i c i  t l y  o r  e x p l i c i t l y .  In the imp1 i c i  t approach,  the weight 

f u n c t i o n  depends upon the s o l u t i o n .  As a r e s u l t ,  the o r i g i n a l  boundary-value 

problem i s  converted i n t o  an augmented system i n  which the dependent v a r i a b l e s  

and the mesh a r e  computed s imultaneously.  In the e x p l i c i t  approach,  the 

weight f u n c t i o n  does no t  depend on the s o l u t i o n .  I n s t e a d ,  i t  depends upon a 

p rev ious ly  c a l c u l a t e d  s o l u t i o n .  Even f o r  a l i n e a r  boundary-value problems, 

the i m p l i c i t  approach r e q u i r e s  t h a t  one s o l v e s  a non l inea r  two-point boundary- 

value problem. The  impl ic i t  techniques do n o t  preserve the l i n e a r - n o n l i n e a r  

c h a r a c t e r  of  the o r i g i n a l  problem. Moreover, even f o r  the n o n l i n e a r  problem, 

the augmented system i s  u s u a l l y  more d i f f i c u l t  t o  so lve  than the o r i g i n a l  

problem. On the o t h e r  hand, the exp l i c i t  technique preserves the l i n e a r -  

I n o n l i n e a r  c h a r a c t e r  of the o r i g i n a l  two-point boundary-value problem. 

Adaptive schemes a r e  d iv ided  i n t o  two b a s i c  c a t e g o r i e s :  d i f f e r e n t i a l  and 

a l g e b r a i c .  The d i f f e r e n t i a l  method i s  based on the v a r i a t i o n a l  approach. 

B r a c k b i l l  and Sal tzman [lo-133 have developed a technique f o r  c o n s t r u c t i n g  

a d a p t i v e  grids u s i n g  a v a r i a t i o n a l  approach. In their scheme, a f u n c t i o n  
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I 

! 
I which con ta ins  a measure o f  g r i d  smoothness, o r t h o g o n a l i t y  and volume 
I 

I v a r i a t i o n  i s  minimized by us ing  the v a r i a t i o n a l  p r i n c i p a l .  The smoothest g r i d  

I can be generated by s o l u t i o n s  o f  Laplace equat ions which a re  b e t t e r  known as 
I 
I 

~ 

e l l i p t i c  systems C14, 151. T h i s  approach ignores the e f f e c t s  o f  o r t h o g o n a l i t y  

and r e q u i r e s  too much CPU time. The method has been m o d i f i e d  f o r  b e t t e r  

e f f i c i e n c y  by dropping the second d e r i v a t i v e  terms i n  one coo rd ina te  d i r e c t i o n  

[16]. Th i s  makes the equat ions p a r a b o l i c  and, t he re fo re ,  they can be so lved 

by marching techniques. A method which considers the o r t h o g o n a l i t y  and volume 

v a r i a t i o n  i s  developed by Steger and Sorenson [171. Th is  method i s  w ide ly  

known as the h y p e r b o l i c  method; i t  can be solved by any n o n - i t e r a t i v e  marching 

techniques. The v a r i a t i o n a l  approach prov ides a so l  i d  mathematical b a s i s  f o r  

the adap t i ve  method, b u t  the Euler-Lagrange equat ions must he so lved i n  

a d d i t i o n  t o  the o r i g i n a l  governing d i f f e r e n t i a l  equat ions.  On the o t h e r  hand, 

the a l g e b r a i c  method r e q u i r e s  much l e s s  computat ional  e f f o r t ,  b u t  the g r i d  may 

n o t  be smooth. 

I 

Rai and Anderson [18-231 have developed an a l g e b r a i c  technique where the 

g r i d  movement i s  governed by est imates o f  the l o c a l  e r r o r  i n  the numerical  

s o l u t i o n .  T h i s  i s  achieved by r e q u i r i n g  the p o i n t s  i n  the l a r g e  e r r o r  reg ions  

t o  a t t r a c t  o t h e r  p o i n t s  and p o i n t s  i n  the low e r r o r  r e g i o n  t o  repe l  o t h e r  

p o i n t s .  Nakahashi and De iwer t  [241 have formulated an a l g e b r a i c  method which 

i s  based on the v a r i a t i o n a l  p r i n c i p a l .  A s p r i n g  analogy i s  used t o  r e d i s t r i -  

bu te  the g r i d  p o i n t s  i n  an opt imal  sense t o  reduce the over a l l  s o l u t i o n  

e r r o r .  I n  t h i s  case, ope ra to r  s p l i t t i n g  and one s ided c o n t r o l s  f o r  the 

o r t h o g o n a l i t y  and smoothness a re  used t o  make the method p r a c t i c a l ,  r o b u s t  and 

e f f i c i e n t .  Dwyer [25-281 has used an adap t i ve  method i n  which the p o i n t s  a r e  

moved a long  one s e t  of the o r i g i n a l  coo rd ina te  l i n e s  i n  response t o  the 

e v o l v i n g  g r a d i e n t s  i n  the phys i ca l  s o l u t i o n .  The a n a l y s i s  showed t h a t  the 



percentage change i n  a dependent v a r i a b l e  can be 

o rde r  o f  magnitude improvement i n  speed was obta 
I 

de term 

4 

ned as a p r i o r i .  An 

ned, b u t  some problems w i t h  

excessive skewness were encountered. 

Genera l ly ,  dynamic adapt ion can be performed i n  two ways, one i s  t o  keep 

the computat ional  space f i x e d  and i n c l u d e  the g r i d  speed i n  the f l ow  f i e l d  

equat ions.  T h i s  i s  an i d e a l  method t o  use f o r  unsteady f lows. The second way 

i s  t o  s e t  the g r i d  speed equal t o  zero and i n t e r p o l a t e  the s o l u t i o n  onto the  

new g r i d  a f t e r  each adapt ion.  T h i s  i s  e q u i v a l e n t  t o  s o l v i n g  a sequence o f  

boundary-value problems, which i s  an economical way t o  t r e a t  steady f l ows  

whose s o l u t i o n s  a re  approached a s y m p t o t i c a l l y .  I t  i s  g e n e r a l l y  s u f f i c i e n t  t o  

adapt j u s t  a few t imes d u r i n g  the course o f  the computation. I n  t h i s  

approach, the g r i d  d i s t r i b u t i o n  a t  t ime N+1 i s  determined from t ime N. Owyer 

adapted the g r i d s  a f t e r  each i n t e g r a t i o n  step o r  a f t e r  a se lec ted  number o f  

steps [25 ] .  However, the g r i d  speed can be obta ined by p o s t u l a t i n g  a law 

which i s  based on some s o l u t i o n  p r o p e r t i e s .  Then, these equat ions can be 

i n t e g r a t e d  w i t h  the governing p a r t i a l  d i f f e r e n t i a l  equat ions t o  y i e l d  a new 

g r i d  d i s t r i b u t i o n  [291. The advantage of t h i s  technique i s  t h a t  the g r i d  

l o c a t i o n  and g r i d  speed a re  t ime accurate.  

The l i t e r a t u r e  survey i n d i c a t e s  most techniques adapt  t o  j u s t  one 

v a r i a b l e .  T h i s  means t h a t  the weight  f u n c t i o n  i s  based on the s o l u t i o n  o f  one 

v a r i a b l e  on ly .  However, the s o l u t i o n  o f  equat ions o f  mot ion produce severa l  

dependent va r iab les .  Viscous-hypersonic f l o w  over a blunt-body have l a r g e  

g r a d i e n t  i n  pressure, v e l o c i t y ,  e t c  i n  d i f f e r e n t  p a r t  o f  the f l ow  f i e l d .  

There i s  a l a r g e  g r a d i e n t  i n  pressure near the shock reg ion;  a t  the same time, 

the re  i s  a l a r g e  g r a d i e n t  i n  v e l o c i t y  nedr the s o l i d  body. Therefore,  t he re  

i s  a need f o r  the development of e f f i c i e n t  g r i d  adapt ion method which u t i l i z e s  

seve r a  1 va r i a b 1 es s i  mun tanousl  y . 
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METHODS OF GRID ADAPTION 

One reason t o  use g r i d  adapt ion i s  t o  minimize the e r r o r  over some domain 

by rea r rang ing  the g r i d .  Calcu lus o f  v a r i a t i o n  can be used t o  per form t h i s  

m in im iza t i on .  I n  general,  a weighted i n t e g r a l  which i s  a measure o f  some g r i d  

o r  s o l u t i o n  p r o p e r t y  over some domain can be expressed as 

I = /  W d 4 ,  
v 

where iJ i s  the we igh t  f u n c t i o n  and i t  i s  minimized. The s e l e c t i o n  o f  W may 

vary from problem t o  problem. There i s  a c o l l e c t i o n  o f  d e f i n i t i o n s  f o r  W i n  

Ref. 30. The we igh t  f u n c t i o n  can be based on g r i d  p r o p e r t i e s  such as c e l l  

volume, the average o f  the square o f  d iagonal  lengths,  the c e l l  area/volume 

r a t i o  and/or c e l l  skewness. There e x i s t s  a d i f f e r e n t i a l  equa t ion  which 

minimizes the i n t e g r a l  I i n  Eq. (1 ) .  Th is  d i f f e r e n t i a l  equa t ion  i s  c a l l e d  

Euler-Lagrange d i f f e r e n t i a l  equa t ion  C311 and i t  c o n s t i t u t e s  the g r i d  

genera t i on  system. The Euler-Lagrange equat ions can be found i n  Refs. 10-13. 

Mu1 tidimensional Adaption 

B r a c k b i l l  and Saltzman [lo-133 have developed a technique based on a 

v a r i a t i o n a l  approach. I n  t h e i r  scheme, a f u n c t i o n  which c o n t a i n s  measures o f  

g r i d  smoothness, o r t h o g o n a l i t y ,  and volume v a r i a t i o n  i s  minimized. To 

maximize the smoothness o f  the g r id ,  the f o l l o w i n g  i n t e g r a l  must be minimized 

3 
I s  = I C V Si VSi d4. ( 2 )  

4 i = l  

T h i s  i s  s imply  the sum o f  the squares o f  ce l l -edge lengths.  S i m i l a r l y ,  the 

o r t h o g o n a l i t y  can be acqu i red  by m in im iz ing  the i n t e g r a l  Io  given by 

= 1 ,g3’* ( V  Si V S i )  d4. 
Io  4 

( i ,  j ,  k) c y c l i c  ( 3 )  
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Th is  i n t e g r a l  vanishes f o r  an orthogonal  g r i d .  The i n c l u s i o n  o f  the Jacobin 

of  the t r a n s f o r m a t i o n  i n  the weight  f u n c t i o n  i s  somewhat a r b i t r a r y  and causes 

o r t h o g o n a l i t y  t o  be b e t t e r  i n  the reg ions  w i t h  the l a r g e r  c e l l .  The concen- 

t r a t i o n  o r  c e l l  volume v a r i a t i o n  can be obta ined by m in im iz ing  the i n t e g r a l  
I 

i 

1 where W i s  a s p e c i f i e d  we igh t  f unc t i on .  T h i s  causes the c e l l s  

I where the we igh t  f u n c t i o n  i s  l a rge .  The g r i d  genera t i on  system wh 

to  be smal l  

ch p rov ides  

smoothness, o r t h o g o n a l i t y  and concen t ra t i on  i s  ob ta ined  by m in im iz ing  the 

t o t a l  i n t e g r a l  I which i s  a l i n e a r  combinations o f  I s  , I o  and 1, 

1 = 1  + A  I + h w I w .  
S 0 0  ( 5 )  

The competing f e a t u r e s  such as smoothness, o r t h o g o n a l i t y ,  and c e l l  volume 

v a r i a t i o n  can be s t ressed by proper choice o f  the c o e f f i c i e n t s  

For example, a l a r g e  w i l l  r e s u l t  i n  a n e a r l y  orthogonal  g r i d  a t  the c o s t  

o f  the smoothness and concentrat ion.  The Euler-Lagrange equat ions f o r  the 

sums o f  those i n d i v i d u a l  i n t e g r a l  form the system o f  p a r t i a l  d i f f e r e n t i a l  

equat ions f rom which the coo rd ina te  system i s  generated. These equat ions a re  

quas i - l i nea r ,  second-order p a r t i a l  d i f f e r e n t i a l  equat ions w i t h  the c o e f f i -  

c i e n t s  which a re  q u a d r a t i c  f u n c t i o n s  o f  the f i r s t  d e r i v a t i v e s  c121. T h i s  

v a r i a t i o n a l  f o r m u l a t i o n  i s  e q u i v a l e n t  t o  Winslow's method C141 where ho and 

The Eu le r  equat ions a re  those g iven by Winslow, 

and t h e i r  s o l u t i o n  maximizes the smoothness. T h i s  i s  a l s o  used by Thompson e t  

a l .  C151. The a d d i t i o n a l  terms a l t e r  o the r  c h a r a c t e r i s t i c s  o f  the mapping i n  

a s i m i l a r  way. The c e l l - s i z e  v a r i a t i o n  and skewness can be c o n t r o l l e d  by 

proper s e l e c t i o n  of Is, I, and I,. The use o f  a v a r i a t i o n a l  approach p rov ides  

a s o l i d  mathematical b a s i s  fo r  the adapt ive g r idd ing .  But, the Euler-Lagrange 

ho and hw. 

ho 

hw are  s e t  equal t o  zeros. 
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I equat ions must be so lved i n  a d d i t i o n  t o  the govern ing equat ions o f  f l u i d  

motion. 
I 
I 

One Dimensional Adaption , 

The Euler-Lagrange equat ion f o r  Eq. ( 5 )  i s  a general  and i s  capable o f  

adapt ing g r i d s  i n  mu1 t id imensions simultaneously.  When the s o l u t i o n  v a r i e s  

predominate ly  i n  a s i n g l e  d i r e c t i o n ,  one-dimensional adap t ion  can be a p p l i e d  

w i t h  the g r i d  p o i n t s  cons t ra ined  to move a long one fam i l y  o f  f i x e d  c u r v i l i n e a r  

coo rd ina te  l i n e s .  The f i x e d  f a m i l y  o f  l i n e s  i s  e s t a b l i s h e d  by genera t i ng  a 

f u l l  mu1 t i d imens iona l  g r i d  us ing  the g r i d  genera t i ng  techniques. The p o i n t s  

generated f o r  these i n i t i a l  g r i ds ,  together  w i t h  some i n t e r p o l a t i o n  procedure, 

e.g., cub ic  o r  l i n e a r  i n t e r p o l a t i o n ,  serve t o  d e f i n e  the f i x e d  l i n e s  a long  

which the p o i n t s  w i l l  move d u r i n g  the adapt ion.  T h i s  i s  done e x p l i c i t l y ;  

t h e r e f o r e  the re  i s  no need t o  so lve any d i f f e r e n t i a l  equat ions.  

A technique c a l l e d  e q u i d i s t r i b u t i o n  i s  developed t o  improve the s o l u t i o n s  

o f  boundary va lue problems C4-93. This  has proven t o  be e f f e c t i v e  and 

e f f i c i e n t .  T h i s  technique i s  used t o  minimize the e r r o r  by r e d i s t r i b u t i n g  the 

g r i d  such t h a t  a we igh t  f u n c t i o n  i s  cons tan t  over each i n t e r v a l .  The Eu le r -  

Lagrange equa t ion  i s  

X S  W = constant.  

Th is  minimizes the f o l l o w i n g  i n t e g r a l  

T h i s  equa t ion  rep resen ts  the energy o f  a system o f  sp r ings  w i t h  the s p r i n g  

cons tan t  W(g), spanning each g r i d  i n t e r v a l .  The we igh t  f u n c t i o n  i s  

assoc ia ted  w i t h  the g r i d  p o i n t s  themselves, n o t  w i t h  t h e i r  l o c a t i o n s .  An 



8 

a l t e r n a t i v e  v i e w p o i n t  r e s u l t s  by i n t e g r a t i n g  over x i n s t e a d  o f  E ,  i .e. 

summing over the g r i d  i n t e r v a l s  r a t h e r  than over the g r i d  p o i n t s .  Th i s  can be 

expressed as 

The Euler-Lagrange equat ion f o r  t h i s  i s  given by Eq. (6). The q u a n t i t y  E ,  i s  

considered t o  r e p r e s e n t  the p o i n t  dens i t y .  Th i s  v a r i a t i o n a l  problem 

rep resen ts  a m i n i m i z a t i o n  over the d e n s i t y  o f  the g r i d  p o i n t s  subjected t o  a 

we igh t  f u n c t i o n .  Th is  can produce smooth p o i n t  d i s t r i b u t i o n .  Here the weight  

f u n c t i o n  W(x) i s  assoc ia ted  w i t h  the l o c a t i o n  o f  p o i n t s .  I f  the we igh t  

f u n c t i o n  i s  assoc ia ted  w i t h  the p o i n t s  themselves r a t h e r  than t h e i r  l o c a t i o n s ,  

then W = W(S). The i n t e g r a l  f o r  which Eq. ( 6 )  i s  the Euler-Lagrange 

equa t ion  f o r  the f o l l o w i n g  i n t e g r a l  

5, i s  a measure o f  the smoothness o f  the p o i n t  d i s t r i b u t i o n ,  w i t h  the 

emphasis p laced on the smoothness i n  the . c e r t a i n  reg ions.  T h i s  i s  i n v e r s e l y  

p r o p o r t i o n a l  t o  the we igh t  f u n c t i o n  W ( < ) .  Equat ion ( 6 )  i s  the E u l e r -  

Lagrange equa t ion  f o r  the i n t e g r a l s  i n  E q s .  ( 7 - 9 )  which can be w r i t t e n  a s  

Equat ion (10)  can be w r i t t e n  i n  terms of the a r c  l e n g t h  as 

The we igh t  f u n c t i o n  i s  used t o  reduce the p o i n t  spacing where W i s  l a rge .  The 

we igh t  f u n c t i o n  should be s e t  t o  some measure o f  the e r r o r .  White [51 has 

suggested the f o l l o w i n g  form o f  the weight  f u n c t i o n  
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where a i s  constant.  With n = l  and a=O, t h i s  becomes 

A i 
T 

w = l u x (  . 
combinat ion o f  Eqs. (6) and (13) y i e l d s  

Ug  = Constant. 

(13) 

(14) 

t i s  choice rep laces  the p o i n t s  so t h a t  the same hange i n  the i l u t i o n  oc,-lr 

a t  each g r i d  i n t e r v a l .  T h i s  i s  simply the s o l u t i o n  g rad ien t .  Taking n = l  and 

a= l  y i e l d s  

w = 5+ J U x l Z  

A combinat ion o f  Eqs. (6) (15a) r e s u l t s  i n  

(15b  1 'x: + U' = s = Constant. 
F, 5 

T h i s  produces a u n i f o r m  d i s t r i b u t i o n  o f  a r c  l e n g t h s  on the s o l u t i o n  curve. 

Wh i te ' s  r e s u l t s  C51 i n d i c a t e d  t h a t  the a r c  l e n g t h  form was favored. T h e  

disadvantages o f  t h i s  method i s  t h a t  the weight  f u n c t i o n  near the s o l u t i o n  

extreme, i.e. Ux=O l o c a l l y ,  a re  t r e a t e d  as a f l a t  reg ion .  Concentrat ion near 

the  s o l u t i o n  extreme can be achieved by i n c o r p o r a t i n g  some e f f e c t  o f  the 

second d e r i v a t i v e  (Uxx) i n t o  the weight  f u n c t i o n  as C251 

where a and p a re  p o s i t i v e  parameters. Therefore,  Eq. (10)  can be w r i t t e n  as; 
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U 5 (X I  = '7 
.f W(x) dx 
0 

Wi th the second d e r i v a t i v e  terms included, the va lue o f  a, must be 

c o n t i n u a l l y  updated t o  keep the same r e l a t i o n a l  emphasis o r  c o n c e n t r a t i o n  

accord ing t o  t h i s  form. Therefore,  a system o f  2x2 should be so lved f o r  each 

f i x e d  g r i d  l i n e  [27-283. It w i l l  be shown l a t e r  t h a t  through the re fo rmu la -  

t i o n  o f  Eq. (16b), the m a t r i x  i n v e r s i o n  can be e n t i r e l y  avoided. 

One-Dimensional Adaption With Several Variables 

The s o l u t i o n  o f  the f l o w  equat ions c o n s i s t s  o f  severa l  v a r i a b l e s .  

Therefore,  the we igh t  f u n c t i o n  should be a f u n c t i o n  o f  more than one 

v a r i a b l e .  I t  i s  d e s i r a b l e  to devise a scheme i n  which g r i d s  can adapt t o  

severa l  v a r i a b l e s  w i t h  c o n t r o l  on the magnitude o f  adap t ion  f o r  each 

v a r i a b l e .  I n  the case o f  h igh  speed f low, v e l o c i t y  has l a r g e  g r a d i e n t s  i n  

some reg ions  whereas pressure i s  cons tan t  o r  v i c e  versa. I n  general  the 

weight  f u n c t i o n  can be expressed as 

N 
W = l +  C b i f i  

i =1 
( 1 7 )  

where N i s  the number o f  va r iab les ,  bi i s  constant,  f i  i s  some v a r i a b l e  o r  i t s  

d e r i v a t i v e ,  and 1 i s  f o r  u n i f o r m i t y .  A s u b s t i t u t i o n  o f  Eq. ( 1 7 )  i n t o  Eq. (11) 

r e s u l t s  i n  

N 

i =1 
S + c bi Fi (SI 

E ( S )  = -- 9 (18)  



11 

where 
S 

0 
Fi (SI = fi ( t )  d t  . 

It should be noted t h a t  Eq. (18) i s  f o r  adap t ing  a long  a f i x e d  g r i d  l i n e .  

q u a n t i t i e s  bi and f i  should be p o s i t i v e  t o  ensure the monotonci ty o f  

I n  order  t o  keep the same r e l a t i v e  emphasis on the c o n c e n t r a t i o n  a long  each 

g r i d  be ing  

gned t o  a 

The 

E(s). 

g r i d  l i n e ,  b i  should be computed based on some percentage o f  the 

a l l o c a t e d  t o  each v a r i a b l e .  The percentage o f  g r i d  p o i n t s  ass 

p a r t i c u l a r  f u n c t i o n  f i  can be expressed as 

A rearrangement o f  Eq. (19) r e s u l t s  i n  

L A . . ]  { b . )  = ( c . 1  , 
J 1  J J (20 )  

where 

Aji = R Fi (',ax 
i # j  

J j('max) 

i = j, - - R j - l  

C j  = - R .  j S max"j ('ma,) 

Therefore,  a long  each f i x e d  g r i d  l i n e  a m a t r i x  o f  NxN ( N  i s  number o f  

v a r i a b l e s )  should be i n v e r t e d .  Th is  can be avoided by the r e f o r m u l a t i o n  o f  

Eq. (18).  The c r u c i a l  s teps a re  o u t l i n e d  here. Equat ion (18) can be 

r e w r i t t e n  as 
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I S i m i l a r l y ,  Eq. (19) can be r e w r i t t e n  as 

A s  

N 

i = l  
- R j  + bi Fi (Smax)]  . b j  - ).(s J max [Smax 

i b s t i t u t i o n  o f  Eq. (22) i n t o  (21) r e s u l t s  i n  

(22) 

Ri Fi(S) 
N N 

s + [Smax + C bi F .  (Smax)]  C 

N N (23) 
j = l  J i = l  'i ('max S ( S )  = 

Smax + [Smax + C bi Fi (Smax) ]  C R j  
i =1 j = l  

A summation o f  Eq. (19) over a l l  j y i e l d s  

Rearrangement o f  Eq. (24) r e s u l t s  i n  

N 
bi Fi (Smax)  

i =1 

A s u b s t i t u t i o n  o f  Eq. 

S ( S )  = 

25) i n t o  Eq. 

N 

i =1 
[l- C s ma x 

N 

- 
--* 

1 -  C Ri 
i =1 

23) y i e l d s  

I 

Ril + i =1 c R i  li (smax) 

(25)  

(26 )  
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Th is  r e f o r m u l a t i o n  avoids the need f o r  cont inuous upda t ing  the b i ' s  t o  keep 

the same r e l a t i v e  emphasis on concentrat ion.  Apply ing t h i s  equat ion,  g r i d s  

can be adapted w i t h  more than one v a r i a b l e  w i t h o u t  any need f o r  m a t r i x  

i nver s ions. 

GOVERNING EQUATIONS OF MOTION 

The govern ing equat ions f o r  a thermal f l u i d  system a r e  the conserva t i on  

o f  mass, momentum, and energy. These equat ions a re  developed f o r  an a r b i t r a r y  

r e g i o n  assuming the system i s  i n  continuum. Equat ions o f  mot ion f o r  a v iscous, 

compressible, unsteady, heat  conduct ing f l u i d  can be w r i t t e n  as C321 

a p + v  ( p i )  = o  s 
C o n t i n u i t y :  m 

- -  = 
apu + v ( p  u u - z) = 0 , at Momen tum: 

aE + V ( E i  t 4 - 7) = 0 .  ?E Energy: 

where E i s  the t o t a l  energy per u n i t  volume g iven by (E=e+u*u/2) and e i s  

the i n t e r n a l  energy per u n i t  volume. The f l u i d  i s  assumed t o  be Newtonian and 

the b u l k  v i s c o s i t y  i s  neglected. The v i s c o s i t y  i s  computed from the  

Suther land law o f  v i s c o s i t y .  For s i m p l i c i t y ,  equat ions o f  mot ion can be 

w r i t t e n  i n t o  a compact vec to r  form as 

where 

u =  G =  H =  
ZY 

pvw - 7 

pww - z (" zz 
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For the sake o f  g e n e r a l i t y ,  governing equat ions a r e  t ransformed from a 

phys i ca l  domain i n t o  a computat ional  domain. R e s u l t i n g  equat ions are:  

The t rans fo rma t ion  c o e f f i c i e n t  can be computed from a f u n c t i o n a l  r e l a t i o n  

between the computat ional  coord inates and the phys i ca l  coord inates.  
i 

METHOD OF SOLUTION 

A t ime marching method i s  used t o  compute the s o l u t i o n .  Th is  a l l o w s  us 

t o  capture the p o s s i b l e  t r a n s i e n t  features.  The method employs an e x p l i c i t  

second-order accurate t ime-spl  i t  p r e d i c t o r - c o r r e c t o r  a l g o r i  thm C331. I n  a 

compact form, i t  can be expressed as 

where 

The method' has a t ime-step s t a b i l i t y  l i m i t ,  b u t  t he re  i s  no r i g o r o u s  n o n l i n e a r  

s t a b i l i t y  a n a l y s i s  a v a i l a b l e  f o r  it. However, there i s  a conserva t i ve  time- 

s tep which i s  based on a l i n e a r i z e d  form o f  the equat ions.  I t  can be 

expressed as 

where c i s  the l o c a l  speed o f  sound. 

I n  the hypersonic region, there e x i t s  a l a r g e  g r a d i e n t  which r e q u i r e s  a 



15 

I 
very f i n e  mesh t o  r e s o l v e  it. Most cen te r  d i f f e r e n c e  methods admi t  a s o l u t i o n  

which has sawtooth o r  plus-minus waves w i t h  the s h o r t e s t  wave l e n g t h  t h a t  the 

mesh can support .  I n  the o f  case non l i nea r  problems, these s h o r t  waves 

1 
I 
I 
, 

! 
i n t e r a c t ,  vanish, and reappear again as d i s t o r t e d  l o n g  wave o r  o s c i l l a t i o n .  

These o s c i l l a t i o n  e v e n t u a l l y  blow up the s o l u t i o n ,  i f  they a re  n o t  resolved.  

~ 
The o s c i l l a t i o n s  o f  " low frequency" can be suppressed by adding a f o u r t h  o rde r  

damping. A common damping used i s  the pressure dampening. Th is  can be 
I 

L 

expressed i n  computat ional  coord inates as 

where V, i s  c o n t r a v a r i a n t  v e l o c i t y .  

RESULTS AND DISCUSSIONS 

The main o b j e c t i v e  o f  t h i s  study i s  t o  i n v e s t i g a t e  f i n i t e  d i f f e r e n c e  

methods i n  which the mesh network adapts to  the s o l u t i o n  dynamical ly  t o  o b t a i n  

an accurate s o l u t i o n  f o r  hypersonic f low. A computer program has been w r i t t e n  

t o  u t i l i z e  Eq. ( 2 6 )  f o r  g r i d  adaption. Present ly ,  t h i s  code i s  be ing r u n  on 

the Network Operat ing System ( N O S )  and the Vector Processing System ( V P S )  a t  

NASA Langley Research Center. Hypersonic f l o w  over a b l u n t  nose i s  a t y p i c a l  

t e s t  case i n  computat ional  f l u i d  dynamics. T h i s  problem i n h e r i t s  a detached 

shock which should be a c c u r a t e l y  resolved. The l o c a t i o n  and the magnitude o f  

the shock a re  n o t  known as a p r i o r i ;  t h e r e f o r e  the g r i d  should be adapted as 

the s o l u t i o n  progresses. T h i s  problem i s  used t o  analyze and v e r i f y  the 

adap t i ve  method. Equat ions o f  mot ion a re  so lved by the MacCormack method C331 

f o r  a hypersonic f l o w  over a sma l l - rad ius  blunt-body w i t h  an i n c l i n e d - p l a t e  

a f t e r  the body (F ig.  1). The b l u n t  l ead ing  edge i s  a p a r t  o f  the panel ho lde r  

which was t e s t e d  a t  Langley Research Center L341. Resu l t s  a re  ob ta ined  a t  
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f o l l o w i n g  c o n d i t i o n s :  Mcp=6.8, Recp=220,000, Pm=9.26 l b / f t 2 ,  Ucp=6510 

f t / s e c ,  y=1.38, R=1771 ft2/sec2/OR and w a l l  temperature o f  540". 
I 
I 
I Two t e s t s  have been performed: s t a t i c  adapt ion and dynamic adapt ion.  For 
I 

s t a t i c  adapt ion,  the s o l u t i o n  has been obta ined by f i x e d  g r i d s  shown i n  F ig .  

2. The g r i d s  a re  adapted t o  two va r iab les ,  the f i r s t  and the second 

d e r i v a t i v e s  o f  pressure, and the r e s u l t s  a re  shown i n  F ig .  3. I n  t h i s  case, 

twenty pe rcen t  o f  the g r i d s  a re  a l l o c a t e d  t o  f i r s t  and second d e r i v a t i v e s  o f  

pressure (Rl=R2=20%). For the same case, F ig .  4 shows adap t ion  w i t h  

Rl=R2=50%. I t  i s  noted t h a t  i n  Fig. 4 e n t i r e  g r i d s  a re  a l l o c a t e d  t o  the f i r s t  

and the second d e r i v a t i v e s  o f  the pressure. Th is  i s  e x p l a i n s  the l a r g e  vo ids  

i n  the cons tan t  pressure reg ions.  F igu res  3 and 4 l a c k  g r i d  r e s o l u t i o n  i n  the 

v i c i n i t y  o f  the s o l i d  boundaries. Th is  i s  due t o  the c o n s t a n t  pressure near 

the  s o l i d  boundaries. B u t  Eq. (26) can adapt t o  severa l  v a r i a b l e s .  F igu re  5 

shows the g r i d s  which a re  adapted t o  two va r iab les ,  pressure and v e l o c i t y .  

The we igh t  f u n c t i o n  c o n s i s t s  o f  the f i r s t  d e r i v a t i v e s  o f  pressure and 

v e l o c i t y  and the second d e r i v a t i v e  o f  pressure. Twenty pe rcen t  o f  g r i d s  a re  

a l l o c a t e d  t o  each f u n c t i o n  and f o r t y  pe rcen t  o f  g r i d s  a re  f o r  the u n i f o r m i t y .  

Th i s  avo ids  the c r e a t i o n  o f  any void.  I t  i s  noted t h a t  g r i d s  a re  c l u s t e r e d  

near the shock and the s o l i d  body. Therefore, i t  i s  p o s s i b l e  t o  r e s o l v e  the 

pressure as w e l l  as the v e l o c i t y  g r a d i e n t s  i n  the boundary l a y e r  reg ion.  I n  

chemica l l y  r e a c t i n g  f lows, some o f  the g r i d s  can be a l l o c a t e d  f o r  r e s o l v i n g  

the g r a d i e n t s  o f  the chemical species. 

The procedure has been a p p l i e d  dynamical ly  t o  the same problem. F i g u r e  

6a shows the i n i t i a l  g r i d  d i s t r i b u t i o n  f o r  t h i s  problem. F i g u r e s  6 and 7 show 

sequences o f  g r i d  d i s t r i b u t i o n s  a t  d i f f e r e n t  times. I n  t h i s  case, g r i d s  a re  

adapted t o  s i x  va r iab les ;  these a re  the f i r s t  and second d e r i v a t i v e s  o f  

pressure,  temperature and v e l o c i t y .  Ten pe rcen t  o f  g r i d s  a re  a l l o c a t e d  t o  
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f i r s t  d e r i v a t i v e s  e q u a l l y  and f i v e  pe rcen t  t o  t h e i r  second d e r i v a t i v e s .  

F i f t y - f i v e  pe rcen t  o f  g r i d s  a re  a l s o  a l l o c a t e d  t o  the u n i f o r m i t y .  A movie has 

been produced o f  t h i s  work which shows the dynamic adapt ion;  a few frames a r e  

shown i n  F igs .  7a-7b. It demonstrates how g r i d s  a re  a t t r a c t e d  toward h i g h  

g r a d i e n t  r e g i o n  and r e p e l  from low g r a d i e n t  reg ions.  The f u l l  paper w i l l  

cover fo rmu la t i ons ,  boundary cond i t i ons ,  g r i d  genera t i on  and the v e c t o r i z i n g  

o f  the proposed scheme i n  more d e t a i l s .  Also, the t i m i n g  o f  the scheme w i l l  

be repor ted.  C u r r e n t l y ,  t h i s  work i s  be ing extended t o  the b l u n t  nose w i t h  the 

a f t e r  body. 
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F i g .  4 Adapted Grid(R1=R2=50%) 

F i g .  5 Adapted Gr id  ( R  =R =R = 2 0 % )  1 2 3  
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